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In analogy with electromagnetic networks which connect multiple input-output ports, metasur-
faces can be considered as multi-port devices capable of providing different functionalities for waves
of different polarizations illuminating the surface from different directions. The main challenge
in the design of such multichannel metasurfaces is to ensure independent and full control of the
electromagnetic response for each channel ensuring the fulfilment of the boundary condition at the
metasurface. In this work, we demonstrate that by properly engineering the evanescent fields excited
at each port (that is, for all possible illumination directions), it is possible to independently control
the reflection or transmission for all different illuminations. Using the mode-matching method, we
analyze the scattering properties of generic space-modulated impedance metasurfaces. This method,
combined with mathematical optimization, allows us to find a surface impedance profile that simul-
taneously ensures the desired electromagnetic responses at each port. We validate the technique via
the design of phase-controlled multichannel retroreflectors. In addition, we demonstrate that the
method is rather powerful in the design of other functional metasurfaces such as multifunctional
reflectors and multichannel perfect absorbers.
I. INTRODUCTION
Metasurfaces are ultrathin artificial material layers
formed by subwavelength-sized meta-atoms, designed for
specific manipulations of the amplitudes, phases, and po-
larization states of reflected and transmitted waves [1–8].
Conventional metasurfaces for control of plane-wave re-
flection and transmission consist of uniform, periodical
arrangements of subwavelength meta-atoms. The period
of these metasurfaces is below the diffraction limit, so
that no higher-order propagating modes in free space ex-
ist. These metasurfaces obey the usual reflection law.
In the last decade, the concept of metasurfaces has
been extended to periodical structures whose period ex-
ceed half of the wavelength. In this case, multiple diffrac-
tion orders are allowed to exist in free space, and the
metasurface can scatter energy into many directions. The
traditional design method of such devices is to control
the local reflection/transmission phases according to the
required phase distributions of scattered fields. This
method is based on the phased-array principle, also called
the generalized laws of reflection and refraction [9]. This
approach has been leveraged for the synthesis of ultra-
thin optical devices for anomalous reflection and refrac-
tion [9–11], lensing [12, 13], holographic imaging [14, 15],
and so forth. But those devices commonly suffer from
reduced efficiencies due to impedance mismatch between
the incident and diffracted waves [16–18].
Recent efforts on metasurface-based gratings have been
focused on perfect energy transmission between two scat-
tering channels. Representative works include perfect
anomalous refraction realized with bianisotropic elements
[18–22] and perfect anomalous reflection using the con-
cepts of near-fields engineering [23–26], meta-grating [27],
and other alternative means [18, 26]. Furthermore, it
has been shown that the power carried by a wave in-
cident from one direction can be redistributed between
two channels [23, 28, 29] or among arbitrary numbers of
diffraction modes [30–32].
However, in all of those works, metasurfaces are de-
signed only for one incident angle, and the response for
waves incident from other directions is actually not engi-
neered. Thus, the surface does not provide any function-
ality for other illuminations. It is worth mentioning that
some of these devices can naturally provide multiple func-
tionalities for different incidences [28, 33], for example,
an anomalous reflector can always serve as a retroreflec-
tor when illuminated from its isolated channel [33]. But
those additional functionalities are unconsciously inher-
ited from reciprocity and power conservation.
Recently, interest in multifunctional metasurfaces sig-
nificantly increased and new devices which perform dif-
ferent functionalities by switching the incident directions
[28, 33] or polarization states [34, 35] have been proposed.
For example, in [28], five-ports retroreflectors have been
experimentally demonstrated by engineering the spatial
dispersion of a reactive surface. In [36], it was demon-
strated that the reflection phases for incidences from two
different angles can be independently controlled by ex-
citing different resonant modes in meta-atoms. However,
these approaches to independent control of channel re-
sponses are applicable only for specific functionalities and
strongly rely on numerical optimizations which are time-
consuming – especially when the number of considered
channels increases – and do not provide versatile and
systematic design tools for multi-channel devices.
According to the Floquet theory, periodic planar struc-
tures scatter into infinite numbers of harmonics in free
space, including far-field propagating modes and near-
field evanescent modes. In the far-zone, propagating
modes are equivalent to “open waveguides” supporting
waves propagating along different directions in space
which are analogous to “channels” in a multi-port net-
work [28, 37]. Therefore, metasurfaces can be viewed as
N -port networks, where the numbers of ports depends
on the number of considered incidence and scattering di-
ar
X
iv
:2
00
1.
02
25
6v
2 
 [p
hy
sic
s.a
pp
-p
h]
  1
6 A
pr
 20
20
2rections. Here, in the spirit of the classical theory of
multi-port systems [38], we consider linear metasurfaces
optimized to operate for plane waves propagating along
N directions in space as multi-port networks character-
ized by an N×N scattering matrix S. We show that this
scattering matrix can be engineered in an arbitrary way
provided that the matrix does not violate reciprocity for
reciprocal structures and energy conservation for lossless
metasurfaces. As it is well known from the electromag-
netic networks theory, for lossless and reciprocal meta-
surfaces the scattering matrix is unitary and symmetric.
The design objective is to implement actual struc-
tures that realize a certain S matrix. The challenge is
to find homogenized surface parameters (such as sur-
face impedances [1], polarizabilities [7], or susceptibili-
ties [39]) for multichannel metasurfaces and synthesize
meta-atom arrays which realize the desired functional-
ities without brute-force numerical optimizations [40].
Conventional approaches assume that the surface prop-
erties are determined by one set of incident, reflected and
transmitted waves, and the problem of finding parame-
ters that can simultaneously satisfy the boundary condi-
tion by multiple sets of incident and scattered waves is
not addressed. As we show in this paper, the key for solv-
ing this problem is to excite proper groups of evanescent
modes for incidences from different directions. These
engineered evanescent modes together with the desired
propagating modes can satisfy one impedance bound-
ary condition for multiple incidence/scattering scenarios.
Thus, one metasurface can offer multiple different func-
tionalities for illuminations from different directions.
Our work is based on rigorous analytical formulations
for the calculations of scattering harmonics of an arbi-
trary periodical space-modulated metasurface. Using a
simple mathematical optimization, one can synthesise a
gradient sheet impedance which can provide the defined
multiple functionalities. We show that the developed
semi-analytical method can be used in the design of vari-
ous types of multichannel metasurfaces, controlling scat-
tering directions, amplitudes, and phases for different il-
luminations.
II. DESIGN CONCEPT
In this work, we use the surface impedance model
as the homogenization model for multichannel meta-
surfaces. Surface impedance defines relations between
surface-averaged tangential electric and magnetic fields
on the metasurface. After the incident, reflected, and
transmitted fields of metasurfaces are ascertained, the
required surface impedance can be easily obtained via
the current-field relations [8, § 2.4.3]. This method has
been widely used in the synthesis of metasurfaces mod-
eled by electric impedance sheets [41–43], and bianisotr-
pic metasurfaces realized with cascaded impedance sheets
[16, 21, 44, 45]. For a given scattering matrix, the
known theoretical methods can engineer only the scat-
tering properties of metasurfaces according to one col-
umn of the scattering matrix, and the properties defined
in other columns cannot be intentionally engineered. In
other words, once the required surface impedance for ex-
citation of one port (for waves incident from a specific
direction) is determined, the responses at other channels
are fixed and not controllable.
One should notice that the S matrix of a metasurface
describes only the reflection and transmission of propa-
gating modes. Although evanescent modes are not ex-
plicitly present in the scattering matrix of multichannel
metasurfaces, they actually offer additional degrees of
freedom in the determination of the boundary condition
which can simultaneously provide the desired properties
of the scattering matrix for propagating modes [18, 23].
Based on this observation, we propose the following ap-
proach to the design of multichannel metasurfaces: For
incidence from one port, we define the scattered prop-
agating modes in the desired S matrix as well as a set
of evanescent harmonics with unknown complex ampli-
tudes; Likewise, for incidences from other ports, we in-
troduce other sets of evanescent harmonics. In principle,
invoking an infinite number of evanescent modes provides
complete freedom for finding a surface impedance whose
response realizes the desired properties for all channels,
that is, creation of multiport metasurface devices with
arbitrarily defined S matrices.
The important question is how to determine the re-
quired evanescent modes for each incidence scenario. An-
alytically solving for the evanescent harmonics is not an
easy or even possible task since large, up to infinite num-
bers of evanescent modes should be considered in sets
of nonlinear equations [25]. Solving one specific design
problem, the author of [25] optimized complex ampli-
tudes of evanescent modes using mathematical tools with
the aim to find a locally passive surface impedance for
perfect anomalous reflection. But the developed opti-
mization algorithm is applicable only for lossless and
impenetrable boundaries. This limitation does not al-
low optimization of the surface topology, since the ef-
fects of evanescent modes inside the metasurface vol-
ume are not considered in the impenetrable impedance
model. For this reason, we introduce a more effective op-
timization method which can find surface impedance for
both lossy and lossless, as well as for both reflection- and
transmission-type multichannel metasurfaces.
Instead of optimizing a large number of evanescent
modes, as is done in [25], we optimize the Fourier coeffi-
cients of the impedance profile until the optimized surface
generates the desired propagating harmonics at multiple
incidences. The optimized surface launches the proper
set of auxiliary evanescent modes, and there is no need
to directly optimize them. The optimization method is
introduced in Section III B.
3III. THEORY FOR CALCULATION OF
FLOQUET HARMONICS
In this section, using the mode-matching method [46,
§ 6.2], we develop a general theory for calculation of scat-
tered harmonics of an arbitrary gradient impedance sur-
face. Based upon this theory, a mathematical optimiza-
tion method is introduced to control the scattering prop-
erties of metasurfaces.
A. Harmonic analysis for an arbitrary periodic
surface impedance
Figure 1(a) illustrates the scattering scenario where a
space-modulated impedance sheet Zs(z) is mounted on a
dielectric substrate. The sheet impedance is periodically
modulated (period D) with an arbitrary profile. Under
plane-wave excitation, the gradient surface scatters into
an infinite number of Floquet harmonics. The tangen-
tial wavevector of the Floquet modes can be written as
kzn = k0 sin θi + nβM, where βM = 2pi/D is the spatial
frequency of the surface impedance and n is the mode or-
der [28]. Furthermore, θi is the incident angle, and k0 is
the free-space wavenumber. Modes satisfying |kzn| < k0
propagate into the far-zone at the angle θn, defined by
sin θn = −k0 sin θi + nβM
k0
. (1)
If |kzn| > k0, the mode is evanescent with a decaying
amplitude along the surface normal. For a given surface
impedance and incident wave, the amplitudes and phases
of all the scattered harmonics can be uniquely determined
using the mode-matching method [46, § 6.2], by enforcing
the boundary condition on the surface. However, this
process could be a cumbersome if the structure consists
of multiple layers (e.g., with a substrate or superstrate).
Here, we model the structure with a simple circuit
model, shown in Fig. 1(b). Similarly with the con-
ventional transmission-line model, the gradient surface
impedance is represented by a shunt admittance and the
substrate is modeled as a section of a shorted transmis-
sion line. The tangential electric and magnetic fields on
the interfaces are analogized to the voltage and current,
respectively. Considering that the metasurface scatters
infinitely many Floquet modes, the equivalent voltage
and current should be also composed of an infinite num-
ber of harmonics:
Is(z) =
−∞∑
n=+∞
ins e
−jkznz, (2a)
and
Vs(z) =
−∞∑
n=+∞
vns e
−jkznz. (2b)
The complex amplitudes of voltage and current har-
monics can be written in the form of vectors,
⇀
vs =
[· · · , v−1s , v0s , v+1s , · · · ]T and
⇀
is = [· · · , i−1s , i0s , i+1s , · · · ]T .
The quantity which relates the current and voltage vec-
tors is called admittance matrix,
⇀
is = Ys ·⇀vs. Next, we
aim to find the admittance matrix of gradient impedance
surfaces.
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FIG. 1. (a) Scattering scenario of a space-modulated surface
impedance based on a dielectric substrate. The wave is inci-
dent from θ = θi; (b) Equivalent circuit of the structure.
Due to periodicity of the surface, the surface admit-
tance Ys(z) = 1/Zs(z) can be expanded into Fourier se-
ries:
Ys(z) =
+∞∑
m=−∞
gme
−jmβMz. (3)
Substituting Eqs.(2a), (2b), and (3) into Ohm’s law
Is(z) = Ys(z)Vs(z), we obtain equation
+∞∑
n=−∞
ins e
−jkznz =
+∞∑
`=−∞
+∞∑
m=−∞
gmv
`
se
−jkz,`+mz. (4)
By replacing ` with ` − m in the right side of Eq. (4),
both sides have the same basis functions. In this case,
the expression for the current of each harmonic can be
simplified as
ins =
+∞∑
m=−∞
gmv
n−m
s . (5)
It can be seen from Eq. (5) that the n-th current compo-
nent is coupled with all the voltage harmonics. Consider-
ing a finite number of modes (from −N to +N), we can
list (2N + 1) harmonics that will contribute in Eq. (5).
This relation can be written in a matrix form:
i−Ns
i1−Ns
...
i+Ns
 =

g0 g−1 · · · g−2N
g1 g0 · · · g1−2N
...
...
. . .
...
g2N g2N−1 · · · g0


v−Ns
v1−Ns
...
v+Ns
 . (6)
We can see that the current and voltage vectors are as-
sociated with a Toeplitz matrix Ys which we call admit-
tance matrix. The admittance matrix is determined only
4by the Fourier coefficients of the modulation function and
filled with Ys(r, c) = gr−c at the r-th row and c-th col-
umn. Similarly with scalar admittance [38], the transfer
matrix (also known as ABCD matrix) corresponding to
Ys reads
Ts =
[
I 0
Ys I
]
, (7)
where I is the (2N + 1)× (2N + 1) identity matrix.
Next we derive the transfer matrix of the dielectric
slab Td. Since no modulation is assumed in dielectric
layers, there is no coupling terms (off-diagonal terms) in
the characteristic impedance matrix of dielectric Zd, and
the matrix has only diagonal terms Zd(n, n) (the row
and column of the matrix are indexed from −N to +N),
where Zd(n, n) is the characteristic impedance of the n-
th harmonic. The characteristic impedances for different
polarization states are different and are expressed as
ZTMd (n, n) =
kdxn
ω00d
and ZTEd (n, n) =
µ0ω0
kdxn
, (8)
where kdxn =
√
ω200dµ0 − k2zn is the normal component
of the wavevector in dielectric. Due to the finite thick-
ness of substrates, their transfer matrices must include
phase delay [38]. In this multi-mode system, we define
propagation matrix Pd, which also contains only diago-
nal terms Pd(n, n) = e
−jkdxnd, modeling phase delay of
each harmonic in dielectric slabs. The transfer matrix of
dielectric layers can be expressed as [47]
Td =
[
(Pd + P
−1
d )/2 −Zd(Pd −P−1d )/2
−Z−1d (Pd −P−1d )/2 (Pd + P−1d )/2
]
. (9)
It is necessary to mention that the metasurface struc-
ture can contain a cascade of modulated impedance
sheets (with the same periodicity D) separated with di-
electric substrates. Knowing the transfer matrices of all
constitutive layers, one can simply multiply them in se-
quence from the first illuminated layer,
Ttot = · · ·TsTd · · · =
[
A B
C D
]
, (10)
where dots represent additional constitutive layers for
metasurfaces with multiple impedance sheets or dielec-
tric layers. For impenetrable metasurfaces in which the
transmission is blocked by a metallic plate, the trans-
fer matrix can be obtained by multiplying the transfer
matrix by that of a metal plate in the end of Eq. (10).
The incident, reflected and transmitted harmonics are
written as vectors (denoted as
⇀
vin,
⇀
vre and
⇀
vtr, respec-
tively) and are related by the total transfer matrix[
⇀
vin +
⇀
vre
Y0 · (⇀vin −⇀vre)
]
=
[
A B
C D
] [
⇀
vtr
Y0 ·⇀vtr
]
, (11)
where Y0 = Z
−1
0 is the admittance matrix of free space
(Z0 has the same format with Zd only by replacing d
in Eq. (8) with 1). We define reflection and transmission
matrices that allow us to calculate reflected and trans-
mitted harmonics for a given incident wave:
⇀
vre = Γ ·⇀vin
and
⇀
vtr = T ·⇀vin. From Eq. (11), the transmission and
reflection matrix are calculated as
T = 2 (A + BY0 + Z0C + Z0DY0)
−1
, (12a)
and
Γ = (A + BY0) T− I. (12b)
We note that T and Γ are (2N + 1)× (2N + 1) square
matrices. The columns and rows of T and Γ are indexed
from −N to +N . Likewise, the elements in ⇀vin, ⇀vre and
⇀
vtr are also indexed from −N to +N . For illumination
from one specific direction, the 0-th element of the inci-
dence vector is 1 while the rest positions are filled with
zeros,
⇀
vin = [· · · , 0, 1, 0, · · · ]T . The multiplication results
of the incidence vector with the reflection or transmission
matrices is actually the 0-th column of T or Γ. Therefore,
the n-th order of reflected and transmitted harmonics can
be found as vnre = Γ(n, 0) and v
n
tr = T(n, 0), respectively.
B. Engineering scattering matrix by mathematical
optimization
The presented analytical method is rigorous and gen-
eral. For an incident plane wave with an arbitrary po-
larization state and incident angle, the scattered har-
monics (including propagating and evanescent modes)
are uniquely determined by the Fourier coefficients gm
which define the transfer matrix and the reflection and
transmission coefficients (12). On the other hand, if we
expect the occurrence of some specific harmonics, e.g.,
propagating modes defined in S matrix of multichannel
metasurfaces, it is possible to find a proper set of gm
that ensure excitation of the desired harmonics. How-
ever, the analytical relations between Sij and gm are not
straightforward due to the need of complicated matrix
operations. For this reason, in practice it is not possible
to analytically solve gm for desired harmonics.
Here, we use mathematical optimization tools available
in MATLAB package to find the optimal values of gm.
Each element of the desired scattering matrix is an ob-
jective function in optimization. We denote the k-th ob-
jective as Ok which can be the amplitude or phase of one
scattering parameter Sij . In each trial of the optimiza-
tion, MATLAB assumes an array of gm and calculates
the realized value Fk for each objective Ok, using the
analytical formulas in Section III A. For a system with
multiple objectives, we can define a cost function in the
optimization code as
C =
∑
k
|Fk −Ok|
|Ok| . (13)
The cost function C is a sum of normalized errors cal-
culated for all the objectives. Employing MultiStart and
5fmincon optimization algorithms, MATLAB can search
for the minimum value of C in the multidimensional pa-
rameter space. The optimization tools also allow us to
set constraints on the Fourier coefficients in order to sat-
isfy specific additional conditions, e.g., lossless, passive,
capacitive or inductive impedance. It is worth to men-
tion that, normally, the number of unknowns gm should
be larger than the numbers of objectives. Introducing
more gm increases the possibilities to find the optimal
solution, but on the other hand, it may increase the opti-
mization time. A similar optimization approach has been
employed to determine the cascaded tensor admittances
in the synthesis of bianisotropic metasurfaces [44]. In
Section IV, we present the detailed process of optimiza-
tion of the surface impedance for multichannel retrore-
flectors with independently and arbitrarily controlled re-
flection phases. In addition, in Section V we use the same
optimization methods for the design of multifunctional
reflectors and multichannel perfect absorbers.
IV. PHASE-CONTROLLED MULTICHANNEL
RETROREFLECTORS
A. Conventional retroreflectors
Let us first recall the design idea of a conventional
three-channel retroreflector presented in [28]. A lossless
impedance surface is positioned on a grounded substrate,
as shown in Fig. 3. The period of impedance sheet modu-
lation is set to D = λ/2 sin θi, where θi is the incident an-
gle. The operating channels are defined at θ = +θi, θ = 0,
and θ = −θi, corresponding to Ports 1, 2, and 3, respec-
tively.
The periodicity of the system allows only specular and
retroreflection when the metasurface is illuminated by
plane waves at θ = ±θi. Since the period is subwave-
length (for 30◦ < θi < 90◦), waves incident from Port 2
are always fully reflected back because waves to other
channels are not allowed to propagate. In this case,
if complete retroreflection is ensured for incidence from
Port 1, full retro reflectance from Port 3 is automatically
satisfied due to reciprocity. To design such metasurfaces,
we only need to define the incident and reflected fields
(both amplitudes and phases) for Port 1, and find the re-
quired surface impedance. Although the reflection phase
of Port 1 can be arbitrary defined, at other ports, the
reflection phases are not controllable.
Here, it is very necessary to clarify the definition of
reflection phases of multichannel retroreflectors. The re-
flection phases depend on the chosen reference planes.
For normal incidence (Port 2), it is clear that the ref-
erence plane is defined at the metasurface plane (R2 or
R′2 plane in Fig. 2). But for oblique incidence (Port 1
or 3), it is necessary to first specify a reference point on
the metasurface plane. The reference point (O or O′ in
Fig. 2) is the intersection point of the reference plane and
the metasurface plane. Apparently, the reflection phase
ܴଶᇱ
ܴଵᇱܴଷ
ᇱ
ܴଶ
ܴଷ ܴଵ
−Δ߶ +Δ߶
ߠ୧
Δݖ = Δ߶݇଴ sinߠ୧
ܴଶᇱ
ܴଵᇱܴଷ
ᇱ
ܴଶ
ܴଷ ܴଵ
−ΔΨ +ΔΨ
ߠ୧
Δݖ = ΔΨ݇଴ sin ߠ୧
ܱ ܱᇱ
FIG. 2. Reference planes when moving the reference point
from O to O′. R1, R2, and R3 are the reference planes for
Ports 1, 2, and 3, respectively, when the reference point is
selected at O. R′1, R
′
2, and R
′
3 are the reference planes for
Ports 1, 2, and 3 when the reference point is selected at O′.
of a retroreflector depends on selection of the reference
point. However, for metasurface retroreflectors, the sum
of reflection phases from Ports 1 and 3 is always a fixed
value, no matter at which position the reference point is
located. As shown in Fig. 2, when moving the reference
point from O to O′, the reference plane of Port 1 moves
from R1 to R
′
1 and the reflection phase increases by ∆Ψ,
but for Port 3, the reference plane moves from R3 to R
′
3,
and the phase decreases by the same value ∆Ψ. There-
fore, the sum of them is not dependent on the selection
of the reference point. In other words, for a specific de-
sign, the reflection phases of Ports 1 and 3 can linearly
decrease or increase in the opposite way when moving
the reference point along the surface.
B. Multichannel control of reflection phase
The scattering matrix of a three-channel lossless
retroreflector can be written as
S =
ejΨ1 0 00 ejΨ2 0
0 0 ejΨ3
 . (14)
Physically, the reflection phases from three ports can be
arbitrary because the matrix is always symmetric and
unitary. Therefore, it is possible to arbitrarily and in-
dependently engineer the reflection phases for incidence
from each port.
The reflection matrix of metasurface Γ calculated from
Eq. (12b) depends on the direction of incidence, i.e., we
can define three different reflection matrices (Γ1, Γ2, and
Γ3) for illuminations from Ports 1, 2, and 3. Our goal
is to realize retroreflection at each port with a specific
set of reflection phases Ψ1, Ψ2, and Ψ3. In this scenario,
the cost function defined in Eq. (13) contains three ob-
jectives. First, we should ensure perfect retroreflection
from Port 1 (order of n = −1), that is, ensure that the
amplitude of the retroreflected wave is unity. This con-
dition can be mathematically expressed as
F1 = |Γ1(−1, 0)| , O1 = |S11| = 1. (15)
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FIG. 3. Schematics for phase controlled multichannel meta-
surfaces.
As it was explained in Section IV A, perfect retroreflec-
tion at Port 1 automatically ensures the same function-
ality at Port 2 and Port 3. The second objective is that
the reflection phase from Port 2 (order n = 0) should be
Ψ2:
F2 = ∠Γ2(0, 0), O2 = ∠S22 = Ψ2. (16)
Finally, the last objective is that the sum of reflection
phases from Port 1 and Port 3 has a fixed value Ψ13 =
Ψ1 + Ψ3:
F3 = ∠Γ1(−1, 0) + ∠Γ3(1, 0), (17a)
O3 = ∠S11 + ∠S33 = Ψ13. (17b)
At this point, it is important to mention that optimizing
the sum of Ψ1 and Ψ3 is more efficient than individually
optimize them, because the number of objectives is re-
duced. As we discussed in Section IV A, once the sum of
the reflection phases is fixed, the desired reflection phases
of Port 1 and Port 3 can be realized by moving the ref-
erence point along the metasurface plane.
It is easy to see that functions Fk depend on coeffi-
cients gm. Consequently, optimization will allow us to
search for solutions of gm that can simultaneously satisfy
equations |Fk − Ok| = 0 (k = 1, 2, 3). In this particular
example, there are three equations, therefore we should
introduce more than three coefficients gm in the surface
admittance expansion to find a solution. Moreover, in
order to ensure that Ys is a purely imaginary number
(lossless metasurface), we need to take into considera-
tion that gm and g−m are not independent and satisfy
relations <(gm) + <(g−m) = 0 and =(gm) = =(g−m).
As an example, we realize a three-channel retroreflec-
tor with reflection phases Ψ1 = 0, Ψ2 = −pi/3, and
Ψ3 = pi. We introduce four complex unknowns g0, g±1,
g±2, and g±3 and assume that the other Fourier coef-
ficients are zero. The optimization results show that
there may exist multiple solutions which minimize the
cost function. For example, Fig. 4 shows two typical
solutions. In Solution 1, the surface admittance in one
unit cell exhibits both capacitive and inductive proper-
ties at different positions along the z-axis, so this func-
tion crosses zero. This indicates that the required sur-
face impedance contains some extreme values (zero ad-
mittance corresponds to infinite impedance) which may
be difficult to implement by patterning a thin electric
film. In this situation, we can impose additional con-
straints on gm to ensure that the surface reactance is
always capacitive or inductive along the metasurface, as
it is shown in Solution 2.
-0.5 0 0.5
-0.04
-0.02
0
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FIG. 4. Optimized grid susceptance profiles for desired phase
responses at three ports: Ψ1 = 0, Ψ2 = −pi/3, and Ψ3 = pi.
The optimized Fourier amplitudes for Solution 1 read g0 =
7.7×10−3, g1 = −1.05j×10−2, g2 = 5.73j×10−3 and g3 = 0.
For Solution 2, g0 = 6.15×10−3, g1 = (5.62−192.26j)×10−5,
g2 = (3 + 1.036j)× 10−4 and g3 = 0. The substrate is chosen
as d = 0.215mm and d = 4.2. The operating frequency is
f = 75 GHz. The incidence is assumed to be TE-polarized.
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FIG. 5. Amplitudes and phases of Fourier harmonics for the
optimized solutions. ‘P’ and ‘E’ in the legend represent for
propagating and evanescent modes.
Figure 5 shows the calculated amplitudes and phases
of the scattered harmonics for incidences from the three
ports, for the two optimized admittance profiles. We can
7TABLE I. Optimized amplitudes of the Fourier harmonics for
different values of the desired Ψ2. In all the cases, Ψ1 + Ψ3 =
pi.
Ψ2 g0 g1 g2 g3 Opt. Err.
−pi j1.88 ×10−2 j4.11 ×10−5 −j2.28 ×10−4 j7.72 ×10−3 5.1 ×10−2
−pi/2 1.28 ×10−2 -3.86 ×10−3 7.37 ×10−4 0 8.2×10−4
0 7.31 ×10−3 5.83 ×10−3 -1.07 ×10−3 5.89 ×10−3 1.33×10−4
+pi/2 -9.28 ×10−2 9.33 ×10−2 -5.64 ×10−2 2.59 ×10−2 3.9×10−4
TABLE II. Optimized amplitudes of the Fourier harmonics
for different values of the desired Ψ1 + Ψ3. In all the cases,
Ψ2 = pi.
Ψ1 + Ψ3 g0 g1 g2 g3 Opt. Err.
−pi 7.30 ×10−3 -2.78 ×10−3 -1.20 ×10−2 0 0.021
−pi/2 8.59 ×10−3 4.77 ×10−3 -9.40 ×10−3 -3.22×10−3 0.007
0 1.50 ×10−2 1.36 ×10−3 4.95 ×10−3 -5.81 ×10−3 0.045
+pi/2 6.89 ×10−3 -1.22 ×10−3 2.15 ×10−3 -5.60 ×10−4 0.047
see that the two different solutions produce almost the
same far fields for illuminations from each port, but the
excited evanescent modes are totally different. The near
fields affect the quality factor of the device (strong near
fields mean a large quality factor and narrow bandwidth).
The above example is only one specific assignment of
reflection phases. The reflection phases at each port can
be arbitrarily defined and the corresponding surface ad-
mittance can be efficiently optimized in MATLAB. We
know that if we can find the surface impedance for arbi-
trary Ψ2 and Ψ13, the reflection phases at all three ports
can be arbitrarily engineered. To check the potential of
this approach, we do two parametric studies. In each
study, we keep either Ψ2 or Ψ13 as constant and vary the
other parameter within the range −pi,−pi2 , 0,+pi2 . Ta-
bles I and II present the optimized gm. For each consid-
ered phase distribution, we can always find the required
surface admittance with negligible errors.
C. Practical design
As soon as the spatially varying surface impedance or
admittance is determined, we can locally implement the
surface impedance according to the impedance control
method introduced in [40]. In the ideal case, if the imple-
mented grid impedance continuously changes along the
surface, the electromagnetic response of the metasurface
should be the same as analytically predicted. However,
in reality, due to limited fabrication fineness, each pe-
riod of the surface should be split into a finite number
of subcells. As we demonstrated in [40], for the meta-
surfaces whose functionalities rely on evanescent modes,
the number of sub-inclusions in one unit should be suffi-
cient to accurately excite the required evanescent modes,
especially for the design with strong evanescent fields ex-
citations.
Here, we aim to implement the design of multi-port
retroreflectors with phases at each channel Ψ1 = 0,
Ψ2 = −pi/3 and Ψ3 = pi. For simplicity, we choose the
impedance profile of Solution 2 which corresponds to ex-
citation of weaker evanescent modes than Solution 1. The
unit cell is discretized into 20 subcells. Capacitive meta-
atoms are synthesized as planar capacitors with the con-
trolled gap width wn. For large capacitance, we cannot
further shrink the gap due to the resolution limitation
of photolithography. Instead, we use meandered gaps of
a cosine shape, as shown in Fig. 6. By varying the am-
plitudes of the cosine gap of each element an, we can
realize and control large sheet capacitance. After each
element is engineered to ensure the required impedance
value, we combine them together and simulate the struc-
ture in HFSS without further structural optimization.
Fig. 7(a) and Fig. 7(b) shows the simulated fields for the
ideal impedance boundary and the implemented pattern,
respectively. We can see in Fig. 7(b) that, for the ac-
tual topology, each port indeed reflects incident waves in
the corresponding retrodirections. The reflection phases
and field distributions are very close to the ideal scenario
simulated with the perfect impedance boundary. For in-
cidence from Port 1, the total field is at maximum at the
reference plane, meaning that Ψ1 = 0. The total field at
the reference plane of Port 3 is zero which means that
the reflection phase Ψ3 = pi.
V. OTHER ILLUSTRATIVE EXAMPLES
In principle, the scattering matrix of multi-port sys-
tems can be arbitrary defined if it does not violate fun-
damental physical laws. For multichannel metasurfaces
with more than three ports we can use mathematical op-
timization to seek for proper surface impedances which
ensure the defined functionalities at each channel. There
are numerous practically important functionalities, and
in this section we introduce two representative examples:
multifunctional reflectors and multichannel perfect ab-
sorbers.
A. Multifunctional reflectors
Here, our target is to find the surface impedance real-
izing the multifunctional reflector envisioned in [28]. The
device is a five-channel metasurface with periodicity D =
2λ/ sin θi. As shown in Fig. 8(a), the metasurface can act
as a perfect retroreflector when illuminated from θ = ±θi,
while under the normal incidence, it equally splits the
beam into directions of θ = ± arcsin( sin θi2 ). In this case,
we need to control the scattering properties from three
ports: for incidence from Port 3 the wave equally splits
between Ports 2 and 4, so that |S43| = |S23| = 0.707; for
incidence from Port 1 (θ = +θi) or Port 5 (θ = −θi), the
waves bounce back to the corresponding retrodirections
with |S11| = |S55| = 1.
In the optimization, we introduce four unknowns gm
(m = 0,±1,±2,±3), and also set a constraint in the code
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FIG. 6. The unit cell of the implemented structures. The capacitive impedance of 1-11 subcells (from left to right) are controlled
by meandered gaps varying with cosine functions. The gap width of the meandered slots is gc = 3µm. The amplitudes of
cosine functions for each subcell are different: a1 = 1.2, a2 = 4.6, a3 = 6.7, a4 = 7.6, a5 = 8.0, a6 = 7.9, a7 = 7.7, a8 = 7.2,
a9 = 6.3, a10 = 4.8, a11 = 2.1, with unit [µm]. The 12-20 elements are synthesized by straight gaps with the gap width wn for
n-th subcell. wn is set to w12 = 5.0, w13 = 11.6, w14 = 25.6, w15 = 48, w16 = 67, w17 = 62, w18 = 38, w19 = 78, w20 = 7.4,
with unit [µm].
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FIG. 7. Simulated total fields for incidences from three
ports (a) using the impedance boundary condition and (b)
particular realizations shown in Fig. 6.
to ensure a purely capacitive surface impedance (for sim-
plicity of realization). In addition, the substrate thick-
ness is set as another unknown in order to increase the
optimization freedom. The optimized surface impedance
for θi = 60
◦ is shown in the caption of Fig. 8. The scat-
tered harmonics for incidences from Port 3 (beam splitter
operation) and Port 1 (performs as a retroreflector) are
calculated in Fig. 9. We can see that for the normal in-
cidence, the surface splits the impinging energy equally
between Port 2 (n = −1) and Port 4 (n = +1), while
Port 1 (n = −2) and Port 5 (n = +2) receive zero energy.
For incidence from Port 1 (θ = +60◦), all the energy is
reflected back in the retrodirection, corresponding to har-
monic n = −4. Since we look for the surface impedance
as an even function with respect to the z-axis, the scat-
Port 1
Port 2
Port 3
Port 4
Port 5
[0.036937521213707 -0.012844929840278 -1.247147372040986e-04 
0.009132110177590 1.110234515038671]
???
(a)
(b)
FIG. 8. (a) Schematic of multifunctional reflector envisioned
in [28]. (b) Optimized surface reactance in one period for
θi = 60
◦. The optimized Fourier coefficients of Ys(z) are: g0 =
j0.037, g1 = −j0.013, g2 = −j1.25 × 10−4 and g3 = j9.13 ×
10−3. The optimized substrate thickness is d = 1.11 mm for
the defined frequency at 75 GHz and permittivity of d = 4.2.
The incidence is assumed to be TE-polarized.
tered harmonics for incidence from Port 5 are the same
as for incidence from Port 1.
B. Multichannel perfect absorbers
Following the generally accepted terminology [48, 49],
we define a planar surface as a “perfect absorber” if the
theoretical absorptivity equals unity (no reflection and
no transmission) for plane-wave illumination at a certain
9FIG. 9. Amplitudes of scattered harmonics for incidence from
Port 1 (θ = +60◦) and Port 3 (θ = 0◦).
(single) frequency, for a certain polarization, and a cer-
tain incident angle. It is commonly believed that, in pas-
sive metasurfaces, such perfect absorber can be designed
only for one specific incident angle, with a few exceptions
based on the use of spatial dispersion, e.g. [50]. Devi-
ating from the defined angle, absorptance inevitably de-
creases due to impedance mismatch between the incident
wave and the metasurface structure [51]. Full absorption
for multiple illumination angles can be realized by em-
ploying some tunable materials in the absorbing structure
which can instantaneously adjust the input impedance of
metasurface with the change of the incident angles [52].
Although these devices can absorb energy from more
than one direction, their operations rely on the modi-
fication of material properties and therefore they cannot
work for simultaneous illuminations from multiple direc-
tions. Physical realizations of all-angle perfect absorbers
(perfectly matched layers, PML) [53–55] require the use
of active elements [55] or engineered strong spatial dis-
persion in bulk metamaterials [56]. To the best of our
knowledge, no experimental realizations of such devices
have been demonstrated.
Here, we overcome this problem by using gradient
metasurfaces with controlled channel responses. We uti-
lize the same approach as presented above, introducing
different sets of evanescent modes at different incident
angles. These evanescent modes provide enough freedom
to find the boundary condition which ensures full absorp-
tion for multiple incidence scenarios. We set the period
of the metasurface below the diffraction limit, D < λ/2,
so that there are no higher-order diffraction modes pro-
duced by the metasurface illuminated by plane waves
from any direction. As illustrated in the left of Fig. 10(a),
as the simplest example, we first target to realization of
perfect absorption for two different incidence directions,
θ = 0◦ (Port 2) and θ = +75◦ (Port 1), and perfect ab-
sorption at θ = −75◦ (Port 3) is unconsciously ensured
due to reciprocity. The surface admittance is assumed
to be a complex value varying as an even function of
z, Ys(z) = Ys(−z). Therefore, the Fourier coefficients of
Ys(z) satisfy gm = g−m. Here, we use only two unknowns
Port 1
Port 2
Port 3
Port 4 Port 5
Port 1
Port 2
Port 3൅𝜃୧
(a)
(b)
FIG. 10. (a) Schematics of three- (left) and five- (right) ports
multichannel absorbers. (b) Optimized surface impedance (in
one period) for perfect absorption three- and five- ports meta-
surface absorbers. The period is chosen as D = 0.419λ. The
optimized parameters for Zs1(z) reads: g0 = (1.4 + 3.16j) ×
10−3, g1 = g−1 = (−1.08 + 51.9j) × 10−4, d = 0.5 mm and
d = 4.2. For Zs2(z), it reads: g0 = (6.5 − 15.7j) × 10−3,
g1 = g−1 = (−3.1 + 7.2j) × 10−3, d = 1.0, and d = 1.4. The
incident wave is TM-polarized.
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FIG. 11. Absorptivity of the optimized impedance sheets in
Fig. 10(b) as a function of the incident angle.
(g0 and g±1) in the optimization. Note that the optimal
sets of device parameters are not unique, and here we
present one of the optimized solutions Zs1 (Zs1 = 1/Ys1),
shown as the blue curves in Fig. 10(b). The absorptiv-
ity of the optimized surface as a function of the inci-
dent angle are calculated in Fig. 11 (blue curve). Due
to the enforcement of perfect absorption at θ = 0◦ and
θ = ±75◦, the absorptivity in the angle spectrum remains
high (above 80% between θ = −83◦ and θ = +83◦).
However, there exist obvious absorption dips (close to
θ = ±45◦) between the two defined angles of perfect ab-
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FIG. 12. Amplitudes of scattered harmonics of five-port per-
fect absorbers for incidences from Port 2 (θ = 0◦), Port 4
(θ = +45◦) and Port 1 (θ = +75◦).
sorption.
To avoid performance deterioration between the two
perfect-absorption angles, one can impose more require-
ments on the metasurface performance, defining addi-
tional angles of perfect absorption. Here, we add one
more objective in the optimization, enforcing perfect ab-
sorption at θ = ±45◦, as shown in the right of 10(a)(five-
port perfect absorber). The optimal surface impedance
for five-port perfect absorber is shown in 10(b) (red
curves). One can see from Fig. 11(red curve) that, after
ensuring full absorption at θ = ±45◦, the device acts as
a near-perfect absorber (A > 99%) at all angles between
θ = −80◦ and θ = +80◦. Figure 12 shows the excited
Floquet harmonics of the five-port perfect absorber for
incidences from different directions. As expected, differ-
ent sets of evanescent modes are generated at the three
incident angles. The implementation of such impedance
sheet with both resistance and reactance parts can be
done using the impedance control methods introduced in
[40].
From the physical point of view, this structure real-
izes multiple-angle perfect absorption by engineering spa-
tial dispersion in the metasurface, resulting in wide-angle
metasurface absorbers. In contrast to earlier studies [56]
which considered bulk metamaterials, the desired per-
formance is achieved by proper structuring of a single
material sheet, allowing simple practical realizations.
VI. CONCLUSIONS
In this paper, we have introduced a general and effi-
cient method for independent control of port responses
in multichannel multifunctional metasurfaces. To im-
plement a desired scattering matrix of metasurface, our
idea is to find a set of evanescent modes excited at
each incidence scenario, which together with the defined
propagating modes simultaneously satisfy one impedance
boundary condition. Instead of looking for a purely an-
alytical solution of the problem, we use mathematical
optimization tools to find the Fourier coefficients of the
surface admittance expansion which realize the defined
scattering matrix.
From the physical point of view, the proposed method
allows engineering of strong spatial dispersion (desired
non-local response of the metasurface is defined by a set
of evanescent modes carrying power along the metasur-
face), going beyond the known designs which are limited
to engineer electric, magnetic, and bianisotropic proper-
ties of metasurfaces [7]. From the applications point of
view, the presented examples demonstrate possibilities of
creation of multichannel metasurface devices for rather
general control of reflection and transmission of waves
between multiple specified directions in space. In par-
ticular, designs of phase-controlled multichannel retrore-
flectors, multifunctional reflectors, and perfect absorbers
for multiple incident angles have been presented as exam-
ples. Importantly, the proposed multichannel functional
reflectors are realized by structuring only one planar ma-
terial sheet, without a need to engineer volumetric arti-
ficial materials.
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